We present a perturbative derivation of the T-system that is believed to encode the exact spectrum of planar N = 4 SYM. The T-system is understood as an operator identity between some special line operators, the quantum transfer matrices. By computing the quantum corrections in the process of fusion of transfer matrices, we show that the Tsystem holds up to first order in a semi-classical expansion. This derivation does not rely on any assumption. We also discuss the extension of the proof to other theories, including models describing string theory on various AdS spaces.
Introduction
The AdS/CFT correspondence [1] [2] [3] states that type IIB string theory in AdS 5 × S 5 is dual to N = 4 SYM with gauge group SU (N ). In the planar limit of the gauge theory, or equivalently in the classical limit of the string theory, integrable structures appear. This observation lead to impressive progress in the understanding of this system (see [4] for a review). In particular a solution, known as the Y-system, has been put forward to solve the spectrum problem [5] . This solution takes the form of an infinite set of equations for the so-called Y-functions. For each state in the theory, there is one solution to this set of equations. The energy of the state can be easily computed once the corresponding solution is known. There is by now solid evidence in favor of the validity of the Y-system. The most impressive success was the correct prediction of subleading terms in the dimension of the Konishi operator both at large [6] and at small [7] 't Hooft coupling.
The Y-system can be derived using the Thermodynamic Bethe Ansatz approach [8][9] . This was achieved in [10] [11] [12] . This approach was very successful. However it relies on several assumptions that are notoriously difficult to prove. Firstly one has to assume quantum integrability to begin with. Then one has to formulate the string hypothesis. Finally this approach only provides the ground state energy; the reason why the energy of the excited states can be obtained by analytic continuation is not understood. In this work, we present a new approach to derive the Y-system from first principles. We will use elementary tools of two-dimensional conformal field theory. The approach presented here is somehow similar in spirit to the seminal work of [13] where the Y-system was derived for minimal models.
Strategy of the proof
Let us explain the strategy we will use to derive the Y-system. Up to a change of variables, the Y-system can be rewritten as a T-system, or Hirota equation:
The T-functions have two integer labels a and s that take values in a T-shaped lattice [14] [15] . The integers (a, s) can be understood as giving the size of a rectangular Young tableau. Thus each T-function is naturally associated to a representation of the global symmetry group P SU (2, 2|4). The T-functions also depend on a spectral parameter u.
It is believed that the T-functions are related to the transfer matrices of the worldsheet theory (see e.g. [16] [17] ). The transfer matrices are defined as:
where R labels a representation of P SU (2, 2|4) and A R (u) is a flat connection that transforms in the representation R. Notice that the classical transfer matrix is the supertrace of a group element. Thus it is a supercharacter. It is known that supercharacters of P SU (2, 2|4) satisfy the following identity [18] :
This character identity is nothing but the T-system (2.1) when the shifts of the spectral parameter are neglected. This suggests that the shifts in the T-system come from some kind of quantum effects. The remaining question is to identify the relevant quantum effects. In this work we propose an answer to this question. First we take the identification between the T-functions and the transfer matrices seriously, thus promoting the T-system (2.1) to an operator identity. We postulate that the operator product appearing in the T-system is the fusion of line operator, that is the process of bringing the integration contours on top of each other (see Figure 1 ). Then the shifts of the spectral parameter in the T-system (2.1) should come from quantum effects in the process of fusion. We will demonstrate that this is the case up to first order in the large 't Hooft coupling expansion. More precisely, we will compute the leading quantum correction in the process of fusion of the transfer matrices, and show that it leads to the correct shifts in the T-system. The details of the computations described below can be found in [19] . One has to be careful when working with line operators in a quantum theory. Indeed the collisions between integrated operators generically lead to UV divergences that have to be regularized, and then cancelled by proper renormalization of the line operators [24] . We use a principal value regularization scheme to deal with such divergences [25] . Remarkably, the divergences in the transfer matrix do cancel in our case, at least at leading order in perturbation theory [26] [19] . This properties essentially follows from the vanishing of the dual Coxeter number of the supergroup P SU (2, 2|4). An important consequence is that the quantum transfer matrix does not need to be renormalized.
Let us now consider the computation of the quantum corrections in the process of fusion of line operators. The quantum corrections come from the OPEs between the integrated operators on different contours. Actually only the part of the OPE that is anti-symmetric under the exchange of the two operators contributes [25] [19] . The symmetric part of the OPE is understood as being a quantum dressing of the line operator obtained once the fusion has been performed. The anti-symmetric OPE between two connections, that is the commutator of equal-time connections, takes the canonical form of a (r, s) system [27] 
where r and s are come constant matrices transforming in the tensor product of representations R ⊗ R . It turns out that the fusion of transfer matrices is trivial at first order in perturbation theory. This implies in particular that the transfer matrices do commute at this order. To obtain the leading quantum correction in the fusion of transfer matrices, we need to go up to second order in perturbation theory. The result for the quantum corrections is rather complicated and the explicit expressions as well as the details of the computations can be found in [19] . Luckily this complicated result simplifies in a particular semi-classical limit. Let T R (u) and T R (u ) be the two transfer matrices that we are fusing. We consider the limit u 1, u 1 and u − u u, u . This limit is the one that is relevant for our initial purpose of deriving the T-system (2.1). Indeed remember that the semi-classical limit of this system was identified as the limit where the shifts of the spectral parameter are small. In this limit the leading quantum correction in the process of fusion is essentially equal to the line operator T R (u)T R (u ) but with an additional operatorK integrated in between the various connections. This additional integrated operatorK takes the schematic form:
where # is a coefficient that depends only on the spectral parameters and on the coupling constant, a, b, c, d, e are adjoint indices, the f 's are structure constants and the t's are generators of the Lie superalgebra psu(2, 2|4).
Derivation of the Hirota equation
Using the computation of the leading quantum corrections in the process of fusion, we can now prove the validity of the T-system (2.1) up to first order in the semi-classical expansion. We start from the T-system (2.1), in which the T-functions are now understood as quantum transfer matrices and the product is understood as the fusion. We perform a semi-classical expansion, assuming that the shifts of the spectral parameter are small:
In order to simplify the writing we denoted by R,R the sum over representations that appears in the T-system (2.1). The T-system is valid if the left-hand side (or equivalently the right-hand side) of (4.1) vanishes. The first term on the right-hand side of (4.1) is the classical term. It vanishes thanks to the character identity (2.3). The second term on the right-hand side of (4.1) comes from the derivative expansion. It does not vanish on its own, so it has to cancel against the leading quantum correction coming from fusion. To show that this is the case, we have to use some character identities that were derived in [18] . These identities are valid for the particular combination of representations that appears in the Tsystem. Thanks to these identities, we can essentially replace the complicated contraction of structure constants and generators that appears in the operatorsK (3.2) by a single generator: f a bc f c de t b t d t e → t a . This implies that the operatorK itself can be replaced by the derivative of the flat connection with respect to the spectral parameter. Consequently the leading quantum correction coming from fusion can be written in terms of derivative of transfer matrices. After a careful treatment of all numerical factors [19] , we find that the leading quantum correction from fusion exactly cancels against the second term in the righthand side of (4.1). This completes the derivation of the T-system from first-principles up to first order in the semi-classical expansion.
Generalizations and conclusion
Let us first summarize the main results presented here. The main technical result is the computation of the quantum corrections in the fusion of line operators in the pure spinor string on AdS 5 × S 5 , up to second order in perturbation theory. Then we used this result to prove the validity of the T-system up to first order in the semi-classical expansion.
Let us briefly compare the approach presented here with the Thermodynamic Bethe Ansatz approach. The derivation of the T-system that we obtained has two major advantages. Firstly, it does not rely on any hypothesis. Secondly, since we derived the T-system as an operator identity, it is clear that it holds for all states in the theory and not only for the ground state. On the other hand, the TBA approach also has some advantages. In particular it gives the full T-system in one go, and not only up to some order in perturbation theory. It also provides a formula to extract the energy from the T-functions, and gives some indications about the analytic properties of these functions. Presumably the last two points can be addressed with the elementary tools of conformal field theory that we used in this work. It would be very interesting to investigate these points.
An important question is whether the derivation of the Hirota equation that we presented here can be generalized to other models. There is at least one family of models where this is the case: the non-linear sigma-models on the supergroup P Sl(n|n). This was shown in [32] , building up on earlier studies of these models [33] [34] . This result is relevant for string theory in AdS 3 × S 3 , supported by RR and/or NS fluxes. Indeed in this background perturbative string theory can be defined in the hybrid formalism as the sigma model on P SU (1, 1|2) coupled to ghosts [35] . Thus the results of [32] imply that the Y-system is also realized in string theory in AdS 3 × S 3 , at least up to first order in the semi-classical expansion.
A close look at the computations allows us to characterize rather precisely the set of models for which the derivation of the T-system applies. There are essentially two features that are almost sufficient for the proof to work. The first one is that the model admits a oneparameter family of flat connections, which commutator can be written as a canonical (r, s) system. The second one is that the global symmetry group of the model has vanishing dual Coxeter number. Consequently the chances are good that the proof can be easily generalized for string theory on AdS 4 × CP 3 , AdS 2 × S 2 , and essentially all string backgrounds that were identified in [36] .
